A comprehensive discharge model for LiFePO 4 electrode, including Li-ion diffusion in both the alpha and the beta solid solution phases, and phase transformation was developed. For the discharge model, the phase transformation, driven by the interfacial lithium concentration differences in both alpha and beta phases, was considered to be strongly dependent on the type of interface formed between the alpha and beta phases ͑coherent, semicoherent, and incoherent͒. By using the model as a tool, effects of extending the alpha and the beta solid solutions and reducing the particle size of LiFePO 4 on rate performance of LiFePO 4 were analyzed. The model developed in this article is applicable for predicting the discharge behavior of any other electrodes with phase transformation. © 2008 The Electrochemical Society. ͓DOI: 10.1149/1.2980420͔ All rights reserved. The rate capability of LiFePO 4 is a critical issue for the commercialization of Li-ion batteries in hybrid electric vehicles and battery electric vehicles. Low electronic conductivity ͑10 −9 -10 −10 S/cm͒, [1] [2] [3] poor Li ion diffusivity, 4 and sluggish phase transformation between the Li-deficient phase ͑Li x FePO 4 , x ϳ 0.05͒ and Li-rich phase ͑Li y FePO 4 , y = 0.78-0.95͒ 5 were some of the key reasons for its poor rate capability. Though several methods [6] [7] [8] [9] have been proven to enhance the rate performance of LiFePO 4 cathodes, the exact mechanism to improve the rate capability is still unclear. The highrate performance of supervalent cation-doped LiFePO 4 has been initially attributed to the improved electronic conductivity. 5 However, it was recently found that the high-rate capability of doped LiFePO 4 is also affected by the fast rate of phase transformation. This is due to the formation of a strained coherent interface, which increases the solid solution range. 10 The critical role of the solid solution range in improving the rate performance is also evident from the high-rate performance of Mn +2 -doped LiFePO 4 12,13 and nanosize LiFePO 4 .
The rate capability of LiFePO 4 is a critical issue for the commercialization of Li-ion batteries in hybrid electric vehicles and battery electric vehicles. Low electronic conductivity ͑10 −9 -10 −10 S/cm͒, [1] [2] [3] poor Li ion diffusivity, 4 and sluggish phase transformation between the Li-deficient phase ͑Li x FePO 4 , x ϳ 0.05͒ and Li-rich phase ͑Li y FePO 4 , y = 0.78-0.95͒ 5 were some of the key reasons for its poor rate capability. Though several methods [6] [7] [8] [9] have been proven to enhance the rate performance of LiFePO 4 cathodes, the exact mechanism to improve the rate capability is still unclear. The highrate performance of supervalent cation-doped LiFePO 4 has been initially attributed to the improved electronic conductivity. 5 However, it was recently found that the high-rate capability of doped LiFePO 4 is also affected by the fast rate of phase transformation. This is due to the formation of a strained coherent interface, which increases the solid solution range. 10 The critical role of the solid solution range in improving the rate performance is also evident from the high-rate performance of Mn +2 -doped LiFePO 4 12,13 and nanosize LiFePO 4 .
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Both reduction of the particle size 11 and the partial substitution of Fe in LiFePO 4 by Mn +2 12,13 were also found to increase the solid solution range. Although these results demonstrate the importance of the solid solution range, the particle size, and the phase transformation rate in increasing the rate performance of LiFePO 4 electrodes, the actual reasons behind the improvement of the rate capability are not clearly known.
A systematic study on the influence of these factors on rate performance of LiFePO 4 is critical for attaining further improvement in the rate capability, and it can be performed by developing a mathematical model. It is well known that LiFePO 4 is an electrode material undergoing phase transformation during charge/discharge, and that lithium-ion transport in LiFePO 4 takes place by a three-step mechanism: ͑i͒ Diffusion of Li + ion in Li-rich ͑␤͒ phase, ͑ii͒ transfer of Li + ion across the ␣/␤ phase boundary ͑phase transformation͒, and ͑iii͒ diffusion of Li + ion in Li-deficient ͑␣͒ phase. The phase transformation in LiFePO 4 during the charge/discharge process is generally driven by the differences between the real concentration and the equilibrium concentration in ␣ and ␤ phases at the interface. Also, the rate of phase transformation depends on the interface mobility and the Li-ion diffusivity in the ␣ and ␤ phases. If the interface mobility is much faster than the lithium-ion diffusion in ␣ and ␤ phases, then the phase transformation will be controlled by the Li ion diffusion ͑diffusion controlled͒; otherwise, it is controlled by the interface mobility ͑interface controlled͒. If the interface mobility is comparable to lithium-ion diffusivity, the phase transformation will be controlled by both the interface mobility and the lithium-ion diffusion ͑mixed controlled͒.
The discharge behavior of phase transformation electrodes in Liion battery is well described by three different mathematical models; [14] [15] [16] they differ in the way the Li + -ion transport process is modeled. The model developed in Ref. 14 considers only the lithium-ion diffusion in the ␤ phase. It also assumes that the interface mobility ͑Li + ion transfer across the phase boundary͒ is very fast, and the discharge process is controlled by the lithium-ion diffusion in the ␤ phase. The model developed in Ref. 15 includes lithium-ion diffusion in both ␣ and ␤ phases, but it assumes a fast Li + -ion transfer across the phase boundary. The model developed by Wang et al. 16 represents a more general case, because it assumes that the phase transformation is controlled by the lithium-ion diffusion in the ␤ phase and the interface mobility. However, the lithium-ion diffusion in the ␣ phase was not included to simplify the calculations. 16 Due to the assumptions used in describing the lithium-ion transport process, the three models briefly described above were only able to predict the discharge behavior of certain phase transformation electrodes. For example, the models developed in Ref. 14 and 15 are applicable only to electrode materials whose discharge process is controlled by the lithium-ion diffusion. Due to the assumption of diffusion-controlled phase transformation ͑unlimited interface mobility͒, the effect of interface resistance ͑inversely proportional to the interface mobility͒ on the discharge rate capability cannot be simulated using these two models.
14, 15 The model by Wang et al. 16 is applicable to electrode materials whose discharge process is controlled by either diffusion or interface or mixed diffusion and interface; in addition, the role of the ␤-phase diffusion coefficient and the interface mobility on discharge rate capability can be predicted. However, such a model cannot be used for analyzing the electrode materials with large ␣ solid solutions, because it assumes that the lithium solubility in lithium-deficient ͑␣͒ phase is negligible.
In the present work, a more comprehensive mathematical model is developed by modifying the model developed by Wang et al. 16 This is accomplished by considering the lithium-ion diffusion in Li-deficient ͑␣͒ phase, and the phase transformation driving force induced from interfacial concentration difference in ␣ phase. Here, the combination of models developed in Ref. 15 + -ion transfer across the phase boundary ͑very high interface mobility͒. Also, the models developed in Ref. [14] [15] [16] are the limiting cases of the generalized model developed in this article. As the lithium-ion diffusion in ␣ phase was neglected in the model by Wang et al., 16 the effects of ␣ solid solution range on the rate performance could not be determined. In the present article, by using this generalized model as a tool, the effects of solely extending the ␣ solid solution, simultaneously extending both the ␣ and the ␤ solid solutions and reducing the particle size on rate capability, are studied.
Model Development
The phase growth process during discharge of LiFePO 4 described in the previous article by Wang et al. 16 is modified by considering the lithium-ion diffusion in the ␣ phase, the phase transformation driving force induced from the interface concentration difference in the ␣ phase, and the type of interface ͑coherence, semicoherence, and incoherence͒. The discharge mechanism of LiFePO 4 can be described as follows: At the beginning of the discharge process, Li inserts into surfaces of the electrode particle and diffuses into the interior of the particle. This process results in the formation of an ␣ solid solution, and the process continues until the Li content ͑x͒ in Li x FePO 4 reaches the solid solubility limit ͑C ␣␤ ͒. This process corresponds to the initial potential sloping line in the discharge curve ͑a-b section in Fig. 1͒ . Further insertion of Li into the lattice leads to the saturation of lithium in the solid solution phase ͑Li x FePO 4 ͒. When the lithium saturation level ͑x͒ in the solid solution phase reaches C ␣i , a ␤ phase with concentration of C ␤i will be formed in the ␣ matrix, and as a result the value of discharge overpotential increases to the growth overpotential ͑bЈ-cЈ in Fig. 1͒ . The discharge overpotential is caused by a misfit strain energy resulting from the molar volume difference between ␣ and ␤ phases. During further discharge, the ␤ phase formed in the electrode near the boundary gradually increases in size, forming a continuous ␤-phase layer with a lithium concentration of C ␤i ͑cЈ in Fig. 1͒ at the interface, which is higher than equilibrium concentration C ␤␣ . In addition to this, the interface concentration of the ␣ phase ͑C ␣i ͒ is also higher than the equilibrium concentration ͑C ␣␤ ͒. The growth of the ␤ phase corresponds to the cЈ-dЈ section in Fig. 1 . The relative difference ͓͑C ␤i − C ␤␣ ͒/C ␤␣ ,͑C ␣i − C ␣␤ ͒/C ␣␤ ͔ between the real and equilibrium interface concentrations in ␣ and ␤ phases will act as a driving force to overcome the energy barrier ͑misfit accommodation energy and interfacial energy͒ for phase growth. Further, lithium insertion will result in a growth of the ␤ phase toward the center of the particle. Once the ␣ phase completely transforms into the ␤ phase, subsequent lithium will start to dissolve into the ␤ phase and form a solid solution with the lithium-ion concentration varying from C ␤i to 1 ͑cЈ-d section in Fig. 1͒ .
The lithium diffusion process in LiFePO 4 during the discharge process can be modeled by modifying the transport equations proposed by Zhang et al. 15 based on the theory of mixed-mode phase transformations. [17] [18] [19] [20] Because the discharge process is assumed to be controlled by a mixed-ion diffusion process and a phase transformation, the interfacial Li-rich phase concentration ͑C ␤i ͒ and interfacial Li-deficient phase concentration ͑C ␣i ͒ will be different from the equilibrium concentrations C ␤␣ and C ␣␤ in region II ͑Fig. 1b͒. In addition, the transport equations reflect the use of Cartesian geometry instead of spherical geometry. The differential equations, initial condition, and boundary conditions of the governing model can be written as follows
When the concentration at the particle surface ͑x = x 0 ͒ reaches the maximum solubility of the initial solid solution ␣ phase ͑C ␣␤ ͒, the discharge process enters into the second region.
The initial condition for Eq. 5 is given by the lithium concentration profile inside the particle ͑in region I͒ taken when the surface con- 
The position of the interface ͓x C ͑t͔͒ can be determined by performing a mass balance of lithium ions at the interface
When the interface reaches the center of the particle ͓x C ͑t͒ = 0͔͒, i.e., when the particle is completely full of ␤ phase, the discharge process enters into the third region.
The initial condition for Eq. 13 is given by the lithium concentration profile inside the ␤ phase at the end of the region II.
To solve the system of equations in region II ͑Eq. 5-12͒, the interfacial concentration of the ␤ and ␣ phases ͑C ␤i and C ␣i ͒ needs to be determined. The Li-deficient phase concentration at the interface ͑C ␣i ͒ in Fig. 1 can be estimated by considering the driving force to be equal in both phases
Equation 16 implies that the overpotential resulting from phase transformation kinetics is equal in both the phases ͑Fig. 1a͒. The Li-rich phase concentration at the interface ͑C ␤i ͒ is determined from the theory of mixed-mode phase transformations, which is given below.
Theory of mixed-mode phase transformation.-Generally, in a mixed-mode process, a steady-state condition exists across the interface leading to the balance of the flux of Li + ion across the interface and towards the interface. 21 The flux of Li + ions across the interface 21 can be written as
where M is the interface mobility. This parameter depends on the degree of coherence of interface, buildup of stress, and deformations in the electrode material. C ␤i is the actual concentration of the lithium-rich ͑␤͒ phase at the interface, which is higher than the local equilibrium concentration ͑C ␤␣ ͒ ͑Fig 1b͒. C ␣i is the actual concentration of the lithium-deficient ͑␣͒ phase at the interface, which is higher than the local equilibrium concentration ͑C ␣␤ ͒ ͑Fig. 1b͒;
is the driving force for the occurrence of transformation from the ␣ to ␤ phase. The driving force ⌬G ␣-␤ i , can be expressed in terms of free energy of the system as follows 22, 23 
where ⌬G ␣-␤ chem is the chemical free-energy difference resulting from the sum of deviations with respect to equilibrium concentration
surface is the free energy resulting from free surfaces, and it can be neglected when compared with other terms. ⌬G ␣-␤ elastic and ⌬G ␣-␤ plastic are the free energies resulting from the elastic and the plastic deformations, which are due to the volume change in forming the ␤ phase. This change in volume induces a lattice mismatch between the ␣ and ␤ phases, and, depending on the lattice mismatch, the boundary between the lithiated and the delithiated phases can be considered as a coherent, semicoherent, or incoherent interface. 10, 21 For the cases of coherent, semicoherent, and incoherent interfaces, the energy barrier for phase transformation is affected by elastic and plastic energies. 24 For the case of coherent interface, the elastic energy plays a major role in the total accommodation energy. Recently, Chiang et al. 5, 10, 11 reported that the energy barrier for phase transformation in nanoscale LiFePO 4 ͑coherent interface͒ is mainly induced by the elastic energy ͑⌬G ␣-␤ elastic ͒. In their work, the calculated elastic energy increased with state of discharge and then decreased after reaching the peak at 50% state of discharge. This behavior is similar to the elastic energy change during hydrogen insertion into some metals. 25 However, for the semicoherent and incoherent interfaces, the plastic accommodation energy must be considered, because it has a more important role in the phase transformation than elastic energy. 25 Due to the striking similarity of phase transformation in hydrogen insertion into metal and in lithium insertion into FePO 4 , and also due to the definite effect of total accommodation energy ͑not only elastic energy͒ on phase transformation kinetics, 25 data on the accommodation energy for hydrogen insertion into Nb, 25 and for temperature-induced austenite ͑␥͒-ferrite ͑␣͒ transformation in Fe-Mn alloys 22 were used to simulate the accommodation energy during Li insertion into FePO 4 . Depending on the type of interface formed, the variation in accommodation energy during the phase transformation process is proposed to be described by the following expressions
where f͓x C ͑t͔͒ = sin͓x C ͑t͔͒ for coherent interface ͓20a͔
and incoherent interface ͑Ref. 16͒ ͓20b͔
The parameter "P" in Eq. 19 is a proportionality factor that defines the peak value of accommodation energy. For example, if P is equal to 1, the accommodation energy will have a peak value equal to the chemical driving force. Because the magnitude of accommodation energy changes with the volume change, 5 the parameter "A" in Eq. 19 was used as the accommodation energy factor to reflect the volume change. The value of A will decrease with the decrease in volume change of phase transformation. From Eq. 20a, for the case of a coherent interface, during the initial and final stages of the transformation ͓x C ͑t͒ = 1,0͔, the accommodation energy is found to be zero and the accommodation energy is at its maximum at 50% of the transformation. From Eq. 20b, for the case of a semicoherent and incoherent interface, during the initial stage of the transformation ͓x C ͑t͒ = 1͔, the accommodation energy is found to be zero, and at the end of the transformation, the accommodation energy is at its maximum, which is similar to the variation of accommodation energy for hydrogen insertion into Nb. 25 The parameter "n" in Eq. 20b determines the type of variation in accommodation energy during the progress of transformation. For example, the value of n being close to 1 corresponds to the case of linear increase in the accommodation energy. When the value of n increases further, it corresponds to the case where the accommodation energy increases quickly during the initial stages of the transformation process and then it reaches the steady state. The chemical energy difference in Eq. 19 can be expressed as follows
Rearranging Eq. 18 by using Eq. 19 and 21, one obtains
Similar to the case of Eq. 17, the diffusion flux of Li + ions/electrons toward the interface can be written as follows
From Eq. 17, 22, and 23, C ␤i can be calculated and it is given by the following expression
When the interface mobility is very fast, i.e., ͑M → ϱ͒, C ␣i and C ␤i from Eq. 16 and 24 will be equal to the equilibrium concentrations, i.e., C ␣␤ and C ␤␣ , respectively. In such a case, the system of equations corresponds to the case of diffusion-controlled phase transformation, which was previously modeled by Zhang et al. 15 When lithium diffusion in region I and lithium diffusion in ␣ phase ͑at region II͒ are neglected and when M → ϱ, the system of equations corresponds to the case of diffusion-controlled phase transformation, which was previously modeled by Srinivasan et al. 14 When lithium diffusion in region I, in ␣ phase at region II, and the driving force induced from the interfacial concentration difference in the ␣ phase are neglected and the coherent interface is ignored, the system of equations corresponds to the case of mixed-mode phase transformation, which was described in Ref. 16 .
To perform the calculations valid for a large range of parameter values, Eq. 1-16 and 24 are now written in dimensionless form by using the procedure mentioned in Ref. 14. Thus, the system of equations in dimensionless form describes, mathematically, a nonlinear and moving boundary value problem. This differential model in this article is solved by using the numerical method of lines ͑MOL͒ in a commercial software Maple. 26, 27 In the numerical MOL, the system of partial differential equations is converted into a system of differential-algebraic equations ͑DAEs͒. Note that the discretization is performed for the "space" variables. The resulting system of DAEs is then solved by using time-integration techniques. Details on the method of lines can be found elsewhere 26, 27 and will not be discussed here. To check for the accuracy of the MOL, the system of equations is solved by using the numerical approach mentioned in Ref. 15 . The comparison between the results obtained from the two methods indicates that they match well, which shows the accuracy of numerical MOL in solving moving boundary-type problems. 
͓25͔
where Li content x in LiFePO 4 in Eq. 25 is the ratio of the surface concentration to the maximum concentration of lithium that can be incorporated into an FePO 4 lattice ͑C t ͒. The value of C t is calculated from GITT and Faraday's law. From Fig. 2 , a close match between experimental results and the model fit can be seen. The solid-phase lithium concentration at the surface, obtained by solving the system of equations, is inserted into Eq. 25 and the equilibrium potential as a function of time is then calculated. From Fig. 2 , the equilibrium concentration of the Li-rich phase and the Li-deficient phases was found to be 0.85 ϫ 0.02119 and 0.027 ϫ 0.02119 mol/cm 3 , respectively. Overpotential and exchange current.-The overpotential can be calculated using following equation
for region I ͓26a͔
ͪ for region II and region III ͓26b͔
where i o is the exchange current, C ␤s is the surface concentration in the ␤ phase, C ␣s is the surface concentration in the ␣ phase, and ͉C ␣ ͉ x=0 is the concentration at the central point in ␣ phase. ͑C ␣i + C ␣s ͒/2 is approximately equal to the equilibrium concentration. The voltage of LiFePO 4 electrode is calculated by adding the overpotential to the equilibrium potential. An exchange current density value of 0.25 A/g ͑measured by electrochemical impedance spectroscopy using commercial LiFePO 4 materials͒ is used for simulation. 16 Parameter estimation for 2L 0 , , ␣, A, D, M, and n.-For all the simulations, the particle size ͑2L 0 ͒ was assumed to be 0.8 m according to scanning electron microscopy observation. The values of the density ͑͒ ͑3.6 g/cm 3 ͒ and that of transfer coefficient ͑␣͒ ͑0.5͒ were taken from Ref. 14. Because the effect of the accommodation energy on the phase transformation is not known, the value of parameter A was taken as 1. This is considered as the base case, and the value of parameter A will be decreased with the decrease in volume change ͑see later sections͒. Because the experimental determination of accurate values of diffusion coefficient and interface mobility is difficult, the values of these parameters are extracted by fitting the model to the experimental discharge curves at 20 and 10 C in Fig. 3 . The end of discharge values at 20 and 10 C were used to estimate the parameter n. By using this procedure, the fitted values for D ␤ , M, and n were found to be 3.2 ϫ 10 −13 m 2 /s, 1.05 ϫ 10 −10 m mol/͑J s͒, and 2.2, respectively. The diffusion coefficient in the ␣ phase is considered to be six times higher than that of the ␤ phase, 29 and no additional efforts were made to determine the value from fitting or other approaches. The strategy adopted here for the parameter estimation and the model validation is similar to that of earlier published works.
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Model Validation
The model developed by Wang et al. ͑without consideration of lithium diffusion in the ␣ phase͒ was validated by predicting the discharge performance of a commercial LiFePO 4 electrode having a low active material loading of 3 mg/cm 2 , 16 where the electrolyte resistance can be ignored. The modified model here was validated by matching not only the plateau potentials, the end of discharge values, but also the initial discharge curves of the commercial LiFePO 4 electrode, which cannot be done with the model developed by Wang et al. 16 Figure 3 represents the voltage vs discharge capacity curves for the commercial LiFePO 4 at different currents. The excellent agreement between the experimental and the modeling results at all currents is attributed to the low active material loading ͑3 mg/cm 2 ͒. In addition to this, when the interface mobility is changed to 1.3 ϫ 10 −7 m mol/͑J s͒, the model predictions ͑for the discharge behavior͒ at different currents were similar to those of the discharge behavior predicted by the shrinking core model as proposed by Zhang et al. 15 This behavior strongly supports the applicability of the model to a wide range of electrodes whose discharge process is either controlled by a diffusion process or the rate of phase transformation process.
Recently, Methong et al. 10 reported that the cation-doped nanoscale LiFePO 4 ͑sample NC͒ has a higher rate capability than LiFePO 4 from Aldrich chemical ͑sample AC͒ due to the extended miscibility gap, which resulted from the formation of a coherent interface between the ␣ and ␤ phases. To validate the model further, here an effort was made to predict the difference in rate capability behaviors of these two samples. Particle size, solid solution limits, and equilibrium potential curves for the two samples were taken from Ref. 10 . Sample NC was considered to have a coherent interface and sample AC was considered to have a semicoherent interface between ␣ and ␤ phases. Because the coherent interface has a higher interface mobility than the semicoherent interface, a higher interface mobility value was used for sample NC compared to sample AC. For both of the samples, the value of the parameter A was taken as 1. This implies that the lattice strains in the samples were high and not relieved. Figure 4 shows the rate capability behavior of two samples predicted by the model. The rate capability behavior of the two samples predicted from the model is similar to that of the experimental results reported. 10 The difference in rate capability observed for the two samples is due to the difference in their solid solution range and the types of interface. These results strongly validate the applicability of the model to electrode materials with different structure and properties.
Analysis
Case 1: Effect of increasing the solid solution range on rate capability.-Because the model is able to predict the rate capability behavior of two samples with different miscibility gaps, it can be used to determine the rate capability of materials with different solid solution range. The results recently reported 5, [10] [11] [12] [13] suggest that the doping/substitution affects the ␣ and ␤ solid solutions ranges, which largely changed the rate performance of LiFePO 4 . To get a broader understanding of the relation between the solid solution and the rate capability, we investigated the effects of increasing the ␣ solid solution alone, increasing the ␤ solid solution alone, and increasing both ␣ and ␤ solid solutions simultaneously on the discharge behavior. Because the effect of extending the ␤ solid solution alone was analyzed earlier, 16 this study will focus on two cases, i.e., case 1: the effect of increasing the ␣ solid solution alone on the rate performance, and case 2: the effect of increasing both ␣ and ␤ solid solutions simultaneously on the rate performance. The increase in the solid solution range in LiFePO 4 will reduce the crystallographic mismatch due to a small concentration difference between C ␣␤ and C ␤␣ . The decrease in the crystallographic mismatch may change the nature of the interface from incoherence to semicoherence, and even to coherence. It will also change the accommodation energy, which can be captured in the model by the variation of the parameter A and f͓x C ͑t͔͒ ͑Eq. 20a and 20b͒. To simplify the calculation, it is assumed that the interface maintains its state of coherence during the change in solid solution region, and that the accommodation energy decreases linearly with the decrease in concentration range ͓the value of parameter A was taken as the ratio of ͑C ␤␣ −C ␣␤ ͒ to ͑0.77-0.015͔͒. Changing the solid solution range means to change the equilibrium concentration of Li-deficient and Li-rich phases. This is also evident from looking at the equilibrium potential curves of sample AC LiFePO 4 and sample NC LiFePO 4 . 10 The change in equilibrium potential curve with the change in solid solution can be modeled by changing the coefficients in Eq. 25. Throughout this 
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Journal of The Electrochemical Society, 155 ͑11͒ A866-A874 ͑2008͒ A870 analysis, the parameters other than C ␣␤ , C ␤␣ , and A were kept constant ͑see Table I͒ . Also, the maximum lithium that can be incorporated into the FePO 4 lattice ͑C t ͒ was assumed to remain constant with the doping/substitution. Case 1(a): Effect of extending the ␣ solid solution.-The effect of increasing the ␣ solid solution range of LiFePO 4 on the rate performance was determined by increasing C ␣␤ from 0.015 to 0.4 ͑while keeping C ␤␣ constant͒, i.e., from a phase change material to a large solid solution material. Figure 5 shows the equilibrium potential curves obtained from Eq. 25, which correspond to C ␣␤ values of 0.015, 0.1, 0.15, 0.2, 0.25, 0.30, 0.35, and 0.4, respectively. The discharge behaviors of LiFePO 4 with different ␣ solid solution limits at current densities of 5, 10, and 20 C were simulated and the rate performance of LiFePO 4 is shown in Fig. 6 and 7 . The discharge capacity of LiFePO 4 seems to increase monotonically with the increase in ␣ solid solution irrespective of discharge current used. However, at lower currents up to 5 C ͑Fig. 6͒, the discharge capacity reaches the maximum value with a small increase in C ␣␤ and remains constant with a further increase in C ␣␤ . At higher currents such as 20 C ͑Fig. 7͒, a constant increase in the discharge capacity is 
Interface mobility ͑M͒ ͑m mol/͑J s͒͒ Fig. 11a . At all the currents, the discharge capacity reaches the maximum value with a small increase in the solid solution region and remains constant with a further increase. From these results, it seems that increasing both the solid solutions simultaneously is more beneficial than increasing one of the solid solutions, as the former one leads to a higher rate capability. However, when the diffusion coefficient in the ␤ phase was lowered by 2 orders of Capacity (mAh/g) magnitude ͑8 ϫ 10 −16 m 2 /s͒, extending the solid solution range was found to enhance rate performance at low discharge rates as well as at high discharge rates ͑Fig. 11b͒.
Case 2: Effect of particle size on rate capability.-Apart from increasing the electronic conductivity and the miscibility gap, another technique widely used to increase the rate capability of LiFePO 4 is to reduce the particle size to nanometers. Recently, Delacourt et al. 31 have shown that a high rate capability can be achieved for LiFePO 4 without carbon coating by reducing the particle size to 140 nm. From experimental results and a simple theoretical model, it was also concluded that the electrode resistance for LiFePO 4 -based cathode materials depends only on mean particle size. 32 In this study, an effort was made to determine the influence of particle size on the rate capability of LiFePO 4 from the model. This was done by changing the Li + -ion diffusion length from 1.5 m to 40 nm, while keeping all the other parameters constant ͑Table I͒. Figure 12 shows the discharge capacity of LiFePO 4 at 1, 10, and 20 C as a function of diffusion length. As shown in Fig. 12 , the discharge capacity at 1 C increases linearly with the decrease in diffusion length, which is in agreement with the recently reported results. 32 Contrary to the behavior observed at 1 C, discharge capacity at high currents ͑10 and 20 C͒ increased greatly with the decrease in diffusion length. These results imply that it is possible to attain a high rate capability for LiFePO 4 by reducing the size to the order of the nanoscale. Similarly, a high rate capability can be obtained for materials with a lower chemical diffusion ͑Figure 13͒ or a lower interface mobility ͑Fig. 14͒ by reducing the diffusion length.
Conclusions
A discharge model that involves two phases for phase transformation electrode was developed based on the theory of mixed-mode phase transformation. The model was validated by fitting the dis- 4 , which differ in miscibility gap and interface structure. The phase transformation electrodes with a wide solid solution exhibit a high rate capability except when the diffusion coefficients are very low. Increasing either the ␣ solid solution or increasing both ␣ and ␤ solid solutions will increase the rate capability of the electrodes; however, the latter one has a higher impact on rate capability. Apart from increasing the miscibility gap, the rate capability of the phase transformation electrode materials can be improved by reducing the Li + -ion diffusion length ͑particle size͒ to nanometers, though the rate of the phase transformation and chemical diffusion are low. Finally, the model developed here is applicable for electrode materials with different interface structures ͑coherent, semicoherent, and incoherent͒, different rate-controlling processes ͑diffusion, interface reaction, and mixed͒, and different solid solution ranges. We hope that the availability of such a general mathematical model will help in the development of new materials with better rate capability.
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